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Using scale analysis and the method of perturbations, a theoretical description is obtained
for the steady-state non-Newtonian ﬂow on the inner wall of the rotating horizontal cylin-
der. The Maxwell upper-convective equation is chosen to model the visco-elastic proper-
ties of the ﬂuid. In the general case, the derived governing equations can be solved only
numerically. However, since the polymeric solutes used in roto-molding and coating tech-
nologies exhibit the relatively weak elastic properties, the Deborah number for such ﬂows
is rather small (De < 1). Exploiting this fact, the perturbation method is applied for simpli-
ﬁcation of the model. As a result, the ﬁrst order non-linear differential equation for the
thickness of the ﬂuid ﬁlm is derived. An approximate analytical solution of this equation
is found. The accuracy of analytical solution is veriﬁed by the direct numerical solution
of the derived equation. The obtained equation is rather complex and contains several crit-
ical points. These points are classiﬁed by the analysis of the corresponding autonomous
system. The type and location of these critical points are accounted for during numerical
solution of the equation. Using the obtained solutions, the criteria which guarantee the sta-
ble steady-state ﬂow of the liquid polymer and the uniform ﬁnal thickness of the coating
ﬁlm are determined. The bounds for the different ﬂow regimes and principal controlling
parameters are identiﬁed.
 2010 Elsevier Inc. All rights reserved.1. Introduction
The problem of rotational ﬂow on the inner and/or outer wall of a hollow horizontal cylinder has been of interest for
many years due to its wide range of applications in industry [1,2]. Moffatt [3] was the ﬁrst to derive the condition of the
maximal supportable load for a Newtonian liquid. Later Preziosi and Joseph [4] presented the same condition in another
form and named it a run-off condition for coating and rimming ﬂows. The possible instability of the liquid ﬁlm on a cylin-
drical surface is one the most challenging fundamental aspects of this problem. A highly unstable nature of rimming New-
tonian ﬂow was discussed in a number of recent publications [5–10]. For example, Benilov and O’Brien [5] and Benilov [6]
examined the stability of solutions, accounting for inertia and surface tension, and concluded that including these higher
order corrections to the governing equation for the liquid ﬁlm thickness may cause the instability of the steady-state solu-
tion. They proved that inertia always causes instability, but viscosity can make the characteristic time of growth large en-
ough to effectively stabilize the ﬁlm. Benilov et al. [7,8] have shown that the system admits strongly unstable solutions,
which develop singularities in a ﬁnite time.
Although the aforementioned investigations highlight the main characteristics of the rimming ﬂow, given its importance,
not enough has been done to show the effect of non-Newtonian properties on such ﬂow. Only a few attempts have been. All rights reserved.
.
Nomenclature
De Deborah number
CB inverse to the Bond number
e rate of deformation tensor
er, eh radial and azimuthal axes vectors, respectively
g gravity vector
H0 mean thickness of the liquid layer
h thickness of the liquid layer
h0 characteristic thickness of the liquid layer
n normal to the free surface
p pressure
q mass ﬂux
r radial coordinate
ro radius of the cylinder
R non-dimensional radial coordinate = (1  r)/d
Re Reynolds number as deﬁned by equation
t time
v ﬂuid velocity
vr, vh radial and azimuthal components of the ﬂuid velocity, respectively
W total mass of the liquid
Greek symbols
d ratio of the characteristic liquid layer thickness and radius of the cylinder (deﬁned by Eq. (5))
j mean curvature of the free surface
k parameter in stress–strain constitutive equation (relaxation time)
l parameter in stress–strain constitutive equation (dynamic viscosity)
h azimuthal coordinate
q liquid density
r surface tension
s deviator of the stress tensor
shR, sRR, shh components of s
X angular velocity of the cylinder
Superscripts
 dimensional quantities
0, 1 zero-order and ﬁrst-order approximation, respectively
Subscripts
0 characteristic quantity
h, r azimuthal and radial components, respectively
S. Fomin et al. / Applied Mathematical Modelling 35 (2011) 1846–1860 1847made, in which power-law model [11], Carrea–Yasuda model [12,13], Ellis model [14], and Bingham model [15] were used.
The visco-elastic model was studied in [16] and the corresponding governing equations were solved numerically.
Most polymeric solutes used in rotational coating are non-Newtonian liquids, which exhibit moderate elastic behavior,
which is characterized by the Deborah number De = kX, where X is the characteristic angular velocity of the rotating cylin-
der and k is a typical time of relaxation for liquid polymers. The values of the Deborah number are well documented [16–18]
and normally stay in the range from 102 to 10. Our main concern is the rotational molding of highly viscous polymers [1,2]
that exhibit non-Newtonian visco-elastic behavior. We are particularly interested in eliminating possible instabilities and
providing the criteria for the steady-state ﬂow in order to obtain a continuous and smooth coating ﬁlm on the wall of the
horizontal cylinder. In the steady-state case, the equation that describes the distribution of the liquid ﬁlm along the wall
of the rotating cylinder is a non-linear ordinary differential equation, which in general may have an inﬁnite number of solu-
tions. In the present study of the rimming ﬂow of the viscoelastic non-Newtonian ﬂuid the governing equation is solved
numerically and analytically.2. System model and scale analysis
A schematic sketch of the rimming ﬂow is illustrated in Fig. 1. The cylinder of radius r0 is rotating in the counterclockwise
direction with constant rateX. The horizontal cylinder is assumed to be of inﬁnite length and is open. A highly viscous liquid
Fig. 1. A schematic sketch of rimming ﬂow on the inner wall of the horizontal cylinder. Note the presence of the peak above the horizontal plane.
1848 S. Fomin et al. / Applied Mathematical Modelling 35 (2011) 1846–1860layer covers the entire inner wall of the cylinder and moves along this wall owing mostly to the action of the viscous and
gravity forces. The rest of the volume of the cylinder is occupied by relatively rareﬁed gas which exerts negligible viscous
traction at the gas–liquid interface and consequently is modeled by a uniform given pressure. A cylindrical system of coor-
dinates (r, z, h) is located such that the z-axis coincides with the axis of the cylinder and symmetry is assumed along this axis
so that the ﬂow picture is two-dimensional. Since it is well documented [3,12,13] that the rimming ﬂow is dominated by the
interactions of the gravity and viscous forces and the effect of inertial forces are negligibly small, the conservation laws for
momentum and mass of an incompressible ﬂuid can be presented in the following vector formqgrp þ r  s ¼ 0; ð1Þ
r  v ¼ 0: ð2ÞThe constitutive equation for an upper-convective Maxwell ﬂuid can be written as [19]s þ k v  rsf g  ðrvÞT  s
 
 ðrvÞT  s
 T 
¼ l½ðrvÞ þ ðrvÞT ; ð3Þwhere constants l and k are a liquid polymer viscosity and a relaxation time, respectively.
Accounting for surface tension, boundary conditions on the free surface are as follows:p þ n  s  n ¼ 2jr; n  s  t ¼ 0; ð4Þwhere n is the external to the liquid layer unit normal, t is the unit tangent vector, s is the stress tensor deviator, r is the
surface tension, and j is the mean curvature of the free surface. The latter is calculated from the equation 2j =r  n. The
tangent and the normal to the free surface, which is deﬁned as r* = r0  h*(h, t), are given by equations:
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:On the wall of the cylinder, r* = r0, the non-slip condition is satisﬁed v ¼ ðvr ;vhÞ ¼ ð0;Xr0Þ.
The governing and constitutive equations for rotational ﬂow of the Maxwell upper-convective model in a component
form are given explicitly in [19]:1
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: ð10ÞThe scaling of position coordinates, pressure, velocity and shear stress component in rimming ﬂow are obvious and well doc-
umented [13]:r  r0; h  h0; p  gqr0; vh  Xr0; vr  Xr0d; srh  lX=d; ð11Þ
where d is the ratio of the unknown characteristic thickness and the radius of the cylinder, d = h0/r0. Scales for normal stres-
ses are determined by ensuring the term balance in the constitutive Eq. (3). As it was shown in [20], in application to a sim-
ilar problem of thin Oldroyd-B ﬂuid ﬁlm along a axisymmetric substrate, the scale for the azimuthal normal stress shh should
be set as lX/d2. In this case, shh does not depend strongly on the rate of azimuthal elongation, as should be the case for shear
dominated thin-ﬁlm ﬂow, but does not vanish because of the non-linear coupling with shear effects presented in upper-con-
vective terms in Eq. (3). Similarly, the scale to the radial stress, srr , should be taken as lX, which ensures the survival of all
terms in Eq. (3) that govern srr and srh. So, introducing the following non-dimensional variables,vh ¼ v

h
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
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 1=2
is obtained as a result of the scale analysis [3], equating the viscous and grav-
ity forces in Eq. (15). It is worth noting that for major applications, e.g. for rotational molding, the value of d is in the range of
102 to 101 [12]. Exploiting the fact that parameter d is very small and, to this end, ignoring the terms of O(d), the non-
dimensional continuity, momentum, and constitutive equations in cylindrical coordinates reduce to @vR
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þ @vh
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¼ 0; ð19Þ
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¼ 0: ð24ÞIn the derivation of Eq. (24) it was accounted for that sRh @vR@R  sRh @vh@h ¼ 0, which follows from the mass conservation equation
(19). Scale analysis of the boundary condition on a free surface gives a new non-dimensional parameter CB ¼ d2 rr0l0X that fac-
tors the surface tension term in Eq. (4). This parameter is the inverse of the Bonds number, which characterizes the ratio of
capillary to gravitational forces. Since for the rimming ﬂow CB 1 and, therefore, the surface tension effects can be ne-
glected, the boundary conditions on the free surface (4) in non-dimensional form yield pþ d2sRR þ 2d
2sRh
1 dR
@h
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þ d
2
ð1 dRÞ2
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2sRh
ð1 dRÞ2
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þ sRh þ shh1 dR
@h
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¼ 0: ð26ÞAgain, dropping terms of O(d), reduces Eqs. (25) and (26) at R = h top ¼ 0; ð27Þ
sRh þ shh @h
@h
¼ 0: ð28ÞThe non-dimensional boundary conditions on the wall of the cylinder R = 0 arevh ¼ 1; vR ¼ 0: ð29Þ
From Eq. (20), it follows that pressure is constant in the radial direction. Combining this fact with the boundary condition
(27), leads to p = 0 everywhere in the ﬁlm. Therefore, Eq. (21) reduces to cos hþ @shh
@h
 @sRh
@R
¼ 0: ð30ÞUnfortunately, even in the present simpliﬁed form the boundary value problem (19), (22)–(24), (27)–(30) can be solved only
numerically. However, as it was pointed out by Lawrence and Zhou [17] and Jenekhe and Schuldt [18], for many polymeric
solutions the characteristic time of relaxation, k, which characterizes memory effects, is rather small and in many cases stays
in the range of 102101 s. The time scale for the rimming ﬂow associated with rotation is T = 1/X. Hence, the Deborah
number De = k/T for the typical rotational rates, X, that occur in rotational molding (10 rad s1) in many cases is below
1, i.e. De < 1. Due to the presence of the small parameter De, the simpliﬁed model (19), (22)–(24), (27)–(30) can be solved
by the method of perturbations. According to this method, the unknown functions can be sought in a form of asymptotic
expansions:vh ¼ v h0ih þ De  v h1ih þ De2  v h2ih þ OðDe3Þ;
vR ¼ v h0iR þ De  v h1iR þ De2  v h2iR þ OðDe3Þ;
sRR ¼ sh0iRR þ De  sh1iRR þ De2  sh2iRR þ OðDe3Þ;
sRh ¼ sh0iRh þ De  sh1iRh þ De2  sh2iRh þ OðDe3Þ;
shh ¼ sh0ihh þ De  sh1ihh þ De2  sh2ihh þ OðDe3Þ:The above formulae are substituted into the non-dimensional governing equations and boundary conditions (19), (22)–(24),
(27)–(30). Collecting the terms of the same order of De yields the sequence of systems of equations. Equations for the leading
terms marked by the superscript h0i are:
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¼ 0: ð37ÞFor the next terms in the asymptotic expansions marked by the superscript h1i, the following equations are obtained: @v
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¼ 0: ð42ÞThe corresponding boundary conditions at the wall of the cylinder and free surface are respectivelyR ¼ 0; v h1ih ¼ 0; v h1iR ¼ 0; ð43Þ
andR ¼ h; sh1iRh þ sh1ihh
@h
@h
¼ 0: ð44ÞProceeding in a similar way, the consecutive systems of equations for the higher order terms in asymptotic series can be
readily derived. Although solution of these systems is straightforward, the formulae obtained for higher order approxima-
tions are rather awkward. Solutions of the systems for the zero order approximation (31)–(37) and ﬁrst order approximation
(38)–(44) are presented below in detail. Accounting for Eq. (35), the boundary condition on the free surface (37) reduces to
sh0iRh ¼ 0 and Eq. (32) can be readily integrated. As a result,sh0iRh ¼ ðh RÞ cos h: ð45Þ
Accounting for Eq. (45) and boundary condition (36) for v h0ih , the azimuthal velocity, can be found by integrating Eq. (34) with
respect to R from 0 to R,v h0ih ¼ 1þ
1
2
R2 cos h h cos h: ð46ÞThe radial component of velocity can be found using Eqs. (46), (31) and boundary condition (36) for v h0iR :v h0iR ¼ 
1
6
R3 sin hþ 1
2
R2h sin h 1
2
R2h0 cos h: ð47ÞAccounting for the latter formula, the expression for the normal stress sh0iRR is deﬁned by Eq. (33) assh0iRR ¼ R2 sin h 2Rh sin hþ 2Rh0 cos h: ð48Þ
Substituting the solution of the system of Eqs. (31)–(37) into the system (38)–(44), the latter can be readily solved. From Eq.
(42) it follows thatsh1ihh ¼ 2ðR hÞ2 cos2 h: ð49Þ
1852 S. Fomin et al. / Applied Mathematical Modelling 35 (2011) 1846–1860Accounting for the formula (49) and boundary condition (44), sh1iRh can be found from Eq. (39):Fig. 2.
order p
De = 0.5sh1iRh ¼ 
2
3
cos hðR hÞ2ð2R sin h 2h sin hþ 3h0 cos hÞ: ð50ÞThe azimuthal component of velocity, v h1ih , can be obtained by integrating Eq. (41) with respect to R from 0 to R and account-
ing for the boundary condition (43).v h1ih ¼ 
1
2
R2 sin hþ Rh sin hþ 1
2
R2h2 sin h cos h 4
3
Rh3 sin h cos h Rh0 cos h 1
2
R2hh0 cos2 hþ 2Rh2h0 cos2 h: ð51ÞSince the non-dimensional volumetric ﬂux is deﬁned by equation q ¼ R h0 vhdR, where to the ﬁrst order of approximation it
can be assumed that vh ¼ v h0ih þ Dev h1ih , the expression for the ﬂux q can be rewritten in the following formDeh2 cos h 1
2
þ 5
6
h2 cos h
 
dh
dh
þ h 1
3
ðh3 cos h Deh3 sin hÞ  1
4
Deh5 sinð2hÞ ¼ q ð52Þwhich represents a ﬁrst order ordinary differential equation for the unknown ﬁlm thickness h.
Continuing this process one can readily obtain the system of equations for the second order perturbations. Its solution
deﬁnes v h2ih and, hence, a more accurate approximation for the volumetric ﬂux can be easily computed by the formula
q ¼ R h0 ðv h0ih þ Dev h1ih þ De2v h2ih ÞdR. As a result, the latter equation will have the form of second order ordinary differential
equation for the unknown h:De2h4 cos2 h
d2h
dh2
ð735 2163 cos hh2Þ ¼ 2520q 2520hþ 840 cos hh3 þ 420De2 cos2 hh5 þ 162De2 cos3 hh7
 1435De2 cos h cosð2hÞh7  840Deh3 sin hþ 1260De cos hh5 sin h
 840De2h5 sin2 h 512De2 cos hh7 sin2 hþ 840De2h7 sin h sinð2hÞ
þ De cos hh2 dh
dh
½1260 2100 cos hh2 þ 4305Deh2 sin h
 3451De cos hh4 sin h 5040Deh4 sinð2hÞ
 De2 cos2 hh3 dh
dh
 2
ð2940 9618 cos hh2Þ ð53ÞNumerical solutions of Eqs. (52) and (53) are presented in Fig. 2. As it was expected, the discrepancy between these two solu-
tions increases with increasing De. However, as it can be readily seen, already for De = 0.5 numerical solutions of these equa-
tions are nearly identical. Therefore, for the weakly visco-elastic ﬂuids (De 6 1), the ﬁrst order differential equation (52) isA comparison of numerical solutions for differential equations from ﬁrst and second order perturbations. Dotted lines represent solutions to the ﬁrst
erturbation equation and the dashed lines represent solutions to the second order perturbation equation [Black De = 0.1, gray De = 0.3, light gray
].
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in the following sections.
3. Differential equation and critical point analysis
In order to determine the type of critical points in Eq. (52), it is convenient, instead of function h = h(h), to consider para-
metric equations of the ﬁlm thickness: h = h(t), h = h(t).
Then, Eq. (52) can be converted to the form of an autonomous system of two equations:dh
dt
¼ De cos h  h2 1
2
þ 5
6
cos h  h2
 
; ð54Þ
dh
dt
¼ q hþ 1
3
ðcos h De sin hÞh3 þ De
4
sinð2hÞh5: ð55ÞThe critical points of the autonomous system are deﬁned as the ordered pairs (h, h) for which expressions in the right-hands
sides of Eqs. (54) and (55) are equal to zero. These critical points can be classiﬁed by examining the properties of the auxiliary
system, locally linearized about these points. Given a critical point (h0, h0), the locally linearized system can be presented as:du
dt
¼ De
2
sin h0h
2
0 
5De
3
sin h0 cos h0h
4
0
 
uþ De cos h0h0 þ 10De3 cos
2 h0h
3
0
 
v; ð56Þ
dv
dt
¼ 1
3
ðsin h0 þ De cos h0Þh30 þ
De
2
cosð2h0Þh50
 
uþ 1þ ðcos h0  De sin h0Þh20 þ
5De
4
sinð2h0Þh40
 
v ; ð57Þwhere u = h  h0 and v = h  h0. The critical points are characterized by the eigenvalues of the coefﬁcient matrix in this linear
system. There are a total of twelve critical points on the interval of [p, p]. However, only two to four of these critical points
reside in the physically meaningful domain. Therefore, we will only consider these meaningful critical points. The most
important are the points at ±p/2, because they can be used for deﬁning the initial conditions for the solution of Eq. (52).
For example, substituting h = p/2 into Eqs. (54) and (55) yields a cubic equation q ¼ hþ De3 h
3, which generates one physically
meaningful root (h real, positive). Similarly, the critical point at h = p/2 can be also obtained (p/2, h(p/2)).
When q ¼
ﬃﬃ
3
5
q
4
5, there are no more critical points in the physically meaningful domain. At q ¼
ﬃﬃ
3
5
q
4
5, there appears another
critical point at h = 0. For a new critical point to appear at h = 0 it should be required that the following system is true:1
2
þ 5
6
h2 ¼ 0; ð58Þ
q hþ 1
3
h3 ¼ 0: ð59ÞThis system implies q ¼
ﬃﬃ
3
5
q
4
5. This new critical point splits into two critical points (referred to as internal critical points) for
higher q. The new points move toward the critical points at ±p/2 (referred to as external critical points) with increasing q and
are weakly affected by variations in De. The steady state solution passes directly through these critical points, and they must
be accounted for when solving Eq. (52) numerically. Figs. 3 and 4 illustrate some solutions with critical points for different
values of q.Fig. 3. Distribution of thickness. Solid dots denote location of the critical points [De = 0.4, q = 0.4].
Fig. 4. Distribution of thickness. In the case of four critical points, denoted by solid dots [De = 0.4, q = 0.65].
Table 1
A list of critical points along with the eigenvalues of their associated coefﬁcient matrices and characterization for varying values of De and q.
De q (h, h) Eigenvalues Critical point characterization
0.2 0.4 (p/2, 0.395864) (0.968658, 0.0156709) Saddle point
(p/2, 0.404409) (1.03271, 0.0163547) Nodal sink
0.3 0.5 (p/2, 0.488353) (0.928453, 0.0357733) Saddle point
(p/2, 0.513544) (1.07912, 0.039559) Nodal sink
0.4 0.62 (p/2, 0.592295) (0.859675, 0.0701627) Saddle point
(p/2, 0.657982) (1.17318, 0.0865881) Nodal sink
(0.0298191, 0.774769) (0.387654, 0.012346) Nodal sink
(0.0698378, 0.775543) (0.517555, 0.0839778) Saddle point
0.7 0.65 (p/2, 0.59968) (0.748268, 0.125866) Saddle point
(p/2, 0.747428) (1.39105, 0.195527) Nodal sink
(0.396914, 0.806583) (0.2-0.19547i, 0.2+0.19547i) Spiral sink
(0.467037, 0.819734) (1.05101, 0.227441) Saddle point
1854 S. Fomin et al. / Applied Mathematical Modelling 35 (2011) 1846–1860The type of the critical points is important to the numerical solution of the equation. The eigenvalue analysis shows
that the critical point at p/2 is a saddle point and the one at p/2 is a nodal sink. Thus it is optimal to start the numerical
solution near p/2 because it is unstable. The new critical point that comes in at h = 0 starts out as a saddle point. When it
splits, the one that moves left remains a saddle point, while the one that moves right becomes a nodal sink and then a
spiral sink. Table 1 provides a list of critical points and their eigenvalues for sample values of q and De. The equation
was solved in Mathematica7 with the backwards differentiation algorithm (BDF). It turns out that the nodal/spiral sink
point interferes with the algorithm because it takes arbitrarily small steps near stable points. Ergo, it was helpful to
use the p/2 initial condition outside the interval between p/2 and the right-internal critical point, and to use the left-
internal critical point as the initial condition to solve inside this interval. Obtaining the numerical solution of this equation
is not a straightforward process because the equation exhibits stiff behavior and while solving the equation one must ac-
count for the existence of critical points.
The solution behaves in an unexpected way. When the new critical points enter, the peak of the solution crosses to
the upper part of the cylinder, past h = 0. The experiments for Newtonian ﬂuids [21] along with analytical studies of vis-
cous non-Newtonian and Newtonian ﬂuids [12,13] do not exhibit this behavior, meaning that the effect may be due to
the elastic properties of the ﬂuid. Experiments need to be done to verify that this effect is a legitimate observable
phenomenon.
An important question is to determine the upper bound for q that generates physically realizable solutions. For high q the
numerical solution gains a discontinuity at the right-internal critical point, Fig. 5a. This is not the fault of the numerical algo-
rithm, as seen from Fig. 5b. Since the right-internal critical point is a stable spiral, it is inevitable that the solution will ﬁnd
this point by spiraling into it and this can be done by parameterizing the differential equation. However, this spiraling behav-
ior is both in violation of the lubrication approximation and unphysical. Thus, a solution is declared to be physically invalid if
the discontinuity emerges.
Fig. 6 plots maximum valid q versus De. These maximum values were found numerically by varying q for a given De until
the discontinuity appeared.
Fig. 5. (a) Distribution of thickness. The discontinuity is represented by a dashed line [De = 0.4, q = 0.69]. (b) Close-up of the discontinuity with slope ﬁeld.
The slope ﬁeld validates the numerical algorithm, and shows that an extended solution would exhibit unphysical behavior [De = 0.3, q = 0.675].
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One can determine an approximate analytic solution to Eq. (52) by the method of perturbations. One assumes that terms
with a speciﬁc power of De only interact with other terms with the same power of De. This generates several equations which
are more readily solved analytically. Thus we substituteh ¼ h0 þ De  h1 þ De2  h2 þ    ð60Þinto our original equation. The zero order terms produce the following cubic equation,1
3
h30 cos h h0 þ q ¼ 0 ð61Þwhich from [22] we know has three roots:
Fig. 6. Maximum volumetric ﬂux versus Deborah number.
1856 S. Fomin et al. / Applied Mathematical Modelling 35 (2011) 1846–1860h0;1 ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p cos 1
3
arccos
3q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p  
; ð62Þ
h0;2 ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p cos 1
3
arccos
3q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p 
þ 2p
3
 
; ð63Þ
h0;3 ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p cos 1
3
arccos
3q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos h
p 
 2p
3
 
: ð64ÞOf the three roots in (62)–(64), only h0,1 represents a physically realizable solution: h0,2 is negative over the whole interval
and h0,1 is unbounded at h = ±p/2 and complex outside of these points. The ﬁnal root is continuous, real, and bounded over
the whole interval and thus will be used as h0 from hence forth. The ﬁrst order terms givecos h  h20
1
2
þ 5
6
cos h  h20
 
h00 ¼ h0  h1 þ cos h  h20h1 
1
3
sin h  h30 þ
1
4
sinð2hÞh50; ð65Þwhich can be solved for h1. The zero order equation allows us to make the following substitutions:h00 ¼
h40 sin h
3ð2h0  3qÞ ; ð66Þ
h20 cos h ¼ 3 1
q
h0
 
: ð67ÞFor compactness, h1 will be left in terms of h0:3 2 1 1 2 3
0.7
0.8
0.9
h
Numerical 
4th Analytic 
Fig. 7. Break down of the 4th order analytic solution at h = 0 as q approaches 23 [De = 0.9, q = 0.64].
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2h30 sin hþ 6qh40 sin h h50 sin h
3ð2h0  3qÞ2
: ð68ÞThe equation generated by the second order terms gives a solution for h2 in terms of h0 and h1:h2 ¼ 1
2h0ð2h0  3qÞ2
½9q2ð2h21 þ 5qh01Þ þ 3qh0ð10h21 þ 37qh01Þ þ 6h20ð2h21  15qh01Þ þ h30ð25q2h1 sin hþ 24h01Þ
þ 31qh40h1 sin h 8h50h1 sin h: ð69Þ
The equation from the third order terms yields the following equation for h3 in terms of h0, h1, and h2:h3 ¼ 1
2h20ð2h0  3qÞ2
½6q2h31 þ qh0ð10h31  6qh1ð6h2  47h01Þ  45q2h02Þ þ h20ð4h31 þ 30qh1ð2h2  13h01Þ
þ 111q2h02Þ  6h30ð10q2h21 sin hþ 2h1ð2h2  ð9þ 5q2 cos hÞh01Þ þ 15h01qÞ þ h40ð85qh21 sin h 25q2h2 sin h
þ 24h02Þ  h50ð27h21  31qh2Þ sin h 8h60h2 sin h: ð70Þ3 2 1 1 2 3
0.38
0.39
0.40
0.41
0.42
h
Numerical 
0th Analytic
Fig. 8. Numerical solution versus zeroth order analytic solution [De = 0.3, q = 0.4].
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h
Fig. 9. The absolute value of the difference between the numerical and ﬁrst order approximate analytic solution [De = 0.3, q = 0.4].
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We have calculated through the fourth order approximation, though it is not displayed due to its length. Since the approx-
imation method used is based on small perturbations of De, the analytical solution, like the differential equation itself, is va-
lid only for De < 1. Further, the entire approximation breaks down for q ¼ 23, as demonstrated in Fig. 7. This happens for two
reasons. First, the function for h0 suffers a discontinuity at h = 0 when q ¼ 23. Second, hn is inﬁnite at h = 0 for q ¼ 23 for all nP 1
because h0 = 1. As a result of this, the greatest disparities between the numerical and analytic solutions occur near h = 0 for
q  23. Despite these shortcomings, the analytic solutions are extremely accurate.
It is usually the case that additional orders of approximation will add negligible change within a given swath of parameter
space, thus one would opt for the more compact and computationally swift lower order approximations. However, as the
borders of the allowed parameter space ðDe ¼ 1; q ¼ 23Þ are approached, one will require higher orders of approximations
to maintain acceptably low error. The zero order approximation is symmetrical and always shifted to the right of the numer-
ical solution (see Fig. 8), so it is a valid only for De = 0, a Newtonian ﬂuid. The ﬁrst order approximation is much more ver-
satile. For De  .1, it is valid for all 0 < q < 23, and even for De  .4 it is valid for 0 < q < .4. Fig. 9 plots the absolute value of the
difference between the numerical and ﬁrst order approximate analytic solutions. The second order approximation is valid for
De  .6 through q  .55. Though the second order approximation is more accurate for these values of the parameters3 2 1 1 2 3
0.00005
0.00010
0.00015
0.00020
0.00025
h
Fig. 10. Absolute value of the difference between the numerical solution and the second order approximate analytic solution [De = 0.4, q = 0.5].
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0.0001
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h
Fig. 11. Absolute value of the difference between the numerical solution and the third order approximate analytic solution [De = 0.7, q = 0.55].
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0.0010
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h
Fig. 12. Absolute value of the difference between the numerical solution and the fourth order approximate analytic solution [De = 0.8, q = 0.6].
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imation. The third order approximation is valid for De  .7 up to q ¼
ﬃﬃ
3
5
q
4
5 (see Fig. 11), where critical points in addition to
those at h ± p/2 appear. For De  .8, the fourth order approximation is valid up to q  .63 (see Fig. 12), beyond which the
developing singularity at h = 0 begins to distort the function’s behavior.
5. Conclusions
Expanding the rimming ﬂow model to visco-elastic ﬂuids, we have derived and solved the steady state differential equa-
tion associated with the situation and identiﬁed the effects of elasticity (De) on the behavior of a ﬂuid ﬁlm.
The method of perturbations was applied to the governing equations of rimming ﬂow, which were derived from basic
physical laws, to obtain differential equations modeling the steady-state relationship between h and h. Only up to ﬁrst order
perturbations need be accounted for in the derivation of the differential equation governing h, as the second order adds neg-
ligible change. This equation is a ﬁrst order ordinary differential equation. This equation was solved numerically using the
backwards differentiation algorithm with physically meaningful critical points as initial conditions.
The equation was also solved analytically by perturbing h with respect to De. This approximate analytic solution is valid
for nearly all desirable De and q, and for De  .1 the ﬁrst order perturbation is sufﬁciently accurate for all possible q. Unfor-
tunately, the analytic solution breaks down as q approaches 23 due the development of a singularity. In these regions of
parameter space, however, the solution maintains acceptable accuracy outside the interval deﬁned by the internal critical
points, which are always present for these values of q.
For non-zero De, as q goes up the peak becomes asymmetric and shifts left ﬁrst then right, crossing zero at q ¼
ﬃﬃ
3
5
q
4
5. This is
surprising, because experiments with Newtonian ﬂuids have never shown this effect [21]. While it is intuitive that the peak
could shift left, below the horizontal line, to shift right would require overcoming gravity. We suspect this is due to the visco-
elastic nature of the ﬂuid, but it is possible that it is simply the effect of the model breaking down for nonviable q. Thus,
experiments or further models are needed to verify this.
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